Abstract. This paper presents the vibration characteristics and its key influencing factors of a new mechanical elastic wheel (MEW). The MEW was modeled as a ring on elastic foundations (REF) with distributed spring stiffness in the radial and tangential directions. The general forced solutions of inextensible vibration were derived by the use of a modal expansion technique and Arnoldi method, and the accuracy of the solutions had been validated by FEM simulation and modal test under free suspension and various loading situations. The natural frequencies and mode shapes of the rotating MEW could be obtained under free suspension and various loading situations. Moreover, the effects of various rotational speed, loading and different number of hinges on natural frequencies were investigated. Finally, the effect of different number of hinges on the damping ratio of the MEW radial modes was also analyzed. The analysis results reflect the objective law of the actual vibration characteristics of the MEW, and provide a reference for the MEW structure optimization and the vibration characteristics of the whole vehicle.
Introduction
To change the existing pneumatic tire puncture damage and high speed blowout etc., developing run-flat and anti-puncture tire to guarantee high performance and security has become a consensus of the world's major tire manufacturers. Therefore, the researchers have recently focused their attention on non-pneumatic tires with different structures. Based on that, the new mechanical elastic wheel (MEW) as a non-pneumatic safety tire structure is proposed. The MEW can be realized the basic function of traditional pneumatic tire, in additional, the problems such as stinging, puncturing and blasting damage have been avoided. Thus, the MEW is greatly satisfied with the requirements of safety performance for the special vehicles. The tire is the main component of vibration reduction, and its dynamic characteristics directly affect the driving smoothness and riding comfortableness of vehicle to a certain extent. So that the good dynamic characteristics are also one of the key factors for tire design. The structural vibration parameters of tire can also predict the interaction between tire and road excitation, suspension system and so on, and it can provide guidance for the optimization design of tire structure and suspension system.
The free and forced vibration of stationary or rotating rings has been widely studied for various ring models and for various boundary conditions. I. F. Kozhevnikov [1] [2] investigated the vibration of a tyre using the model of a wheel with a reinforced tyre under various loading and various rotating situations. The non-linear vibration of a rotating ring was investigated by W. B. Bickford [3] and W. Kim [4] . S. C. Huang [5] [6] derived the general equations of motion that governed both transverse and circumferential motions of rotating rings and expanded the solution to forced response. S. J. Kim [7] and Y. T. Wei [8] investigated the forced response for rotating tires under various loading using the REF model. C. R. Dohrmann [9] and S. C. Huang [10] investigated the dynamic analysis of a tire-wheel-suspension assembly using an inextensible circular ring on a foundation connected to the wheel. Meanwhile, D.H. Guan et al. [11] and G. Q. Zhao et al. [12] studied the natural frequencies and modes of tires using numerical techniques and experimental modal analysis. However, researchers have rarely focused their attention on the vibration characteristics of non-pneumatic tire. Paul F. Joseph et al. [13] [14] investigated the radial stiffness of non-pneumatic tire using the curved beam model, and analyzed the influence of flexible ring material properties and the number of spokes on the radial stiffness. Doo-Man Kim et al. [15] investigated the vibration characteristics of non-pneumatic tire under various loading and rotating situations using the finite element method.
The mechanical properties, trafficability and traction ability of MEW were systematic investigated by our research group, the results indicated that the proposed wheel had good trafficability, traction ability and small rolling resistance [16] [17] [18] . To further investigate the vibration characteristics of the MEW, the MEW is modeled as a REF-model with distributed spring stiffness and damping coefficients in the radial and tangential directions in this paper. The general forced solutions of inextensible vibration are derived by the use of a modal expansion technique and Arnoldi method under free suspension and various loading situations. And the present analytical solution is compared with the results of finite element simulation and modal test. Moreover, the effects of various rotational speed, loading and different number of hinges on natural frequencies are presented.
Structure of mechanical elastic wheel
MEW is mainly consisted of elastic wheel (rubber tread, elastic bead ring, clasps), hub, pins, hinges and other accessories as shown in Fig. 1 . In the process of the operated MEW, the vertical loading and torque are transferred from the axle to hub, and it is transmitted to the elastic wheel through hinges. The state of hinges is changed from equilibrium to preload. The obvious flexure deformation appeared in the tangent parts between elastic wheel and the ground under the action of vertical loading. The deformed tendency of the radial shrink appears in the upper parts with respect to the free conditions, it is similar to the elliptic type. Then the generating pulling force overcomes the static friction force of the wheel in ground contact to impelling the wheel forward. Based on the design of wheel structure, the hinges only load on pulling force rather than pressure. The hub is suspended in the elastic wheel depending on the tensile strength of hinges. The hinges that closer to the ground are slightly curved, the hub slips a distance relative to the free condition downward under the action of vertical loading. The elastic wheel endures most of the excitation from the road when the wheel is moving, displays elastic deformation instantaneously, and instantaneous bending of hinges has been relieved accordingly. Meanwhile, it is shown that the transmitting type of the MEW structure has become not only high efficiency and excellent adhesion ability, but also favorable buffer damping and passing ability. Therefore, the buffer damping performance of MEW is different from the ordinary pneumatic tire [16] . Fig. 2 shows an unconstrained ring rotating at a constant angular speed Ω about the -axis where the -coordinate system is a space-fixed inertial frame. The MEW is modeled by a rotating ring on an elastic foundation with distributed spring stiffness and in the radial and tangential directions. The location of an element of MEW is described using the cylindrical coordinates ( , ) in the non-rotating coordinate system, or ( , ) in the rotating coordinate system, where is the radius of undeformed centroidal line of the ring. The ring thickness, width, applied radial force, tangential force and moment are denoted by ℎ, , , and , respectively. Only planar deformations of the ring are considered. 
Theoretical modeling

Model description
The equations of motion
It is assumed that the transverse shear deformation and the warping of the cross-section due to torsion negligibly small. According to the Lagrange strain theory, the flexural strain of the ring can be written as:
where and are circumferential and radial displacements of the ring, respectively, and the prime denotes the partial derivative with respect to . Note that the nonlinear term has to be included in the strains in order to compute the initial stress work correctly [8] .
Inserting the expressions = + , = , and = ( − ′ ⁄ ) into Eq. (1) yields:
where and represent the mid-plane displacements. Based on the Hamilton principle, all the energies can be expressed as follows:
where , , and are potential, kinetic, and external force energy, respectively, , , and represent the initial stress, the ring section area and density.
Hamilton principle can be expressed as:
where is the vibrational symbol. Substituting Eqs. (2)- (5) into Eq. (6), and rearranging the terms yields the final equations of motion:
where the inextensible condition, i.e., ′ + = 0, is used. is effective modulus of the belt and the moment of inertia in Eq. (7), which means is the effective bending stiffness of the ring. The natural frequencies of the non-rotating wheel are used to determine the model parameters and validate the model. With Ω, , and being set to zero, Eq. (7) can be written as:
Assume the free vibration mode in the sinusoidal series as follows:
Inserting Eq. (9) into Eq. (8) yields the following natural frequency expression:
The undamped vibration frequencies of the rotating MEW can be determined by setting , and equal to zero and assuming a solution of the form:
where:
The assumed form of the solution used in the summation of Eq. (11) reflects the fact that the mode shapes for > 1 are complex.
For > 1, substituting Eq. (11) into Eq. (7) yields the following vibration frequency expression:
The vibration frequencies of the rotating MEW in the reference frame given by Eq. (13) are consistent with previous results in which the equations of motion are formulated in a rotating rather than a fixed reference frame.
In order to obtain the dynamic response of MEW in ground contact with a flat frictionless surface, the MEW is modeled as a ring on stiffness foundation with viscous damping coefficients and in the radial and tangential directions. The equation of motion Eq. (7) can be modified as:
As an approximation, the functions ( , ) and ′ + are expanded as Fourier series:
Substituting Eq. (15), (16) and = 0 into Eq. (14) yields a set of linear second-order ordinary differential equations:
≠ 0:
The assumption of a frictionless surface implies that the contact forces acting on the MEW are in the vertical direction alone. Thus, the radial and tangential forces are given by:
where ( ) is the contact force. Consistent with the use of Eq. (15) one can verify that the ring model of the MEW only contacts the flat surface at a finite number of angular locations. Thus, the contact force can be expressed as:
where is the number of contact locations, denotes the delta function, and is the th angular location where contact occurs. The number of contact locations depends on the ring and foundation stiffness [9] .
For the problems considered in this study, contact occurs at four locations. Force equilibrium in the vertical direction and contact at the angular locations imply that:
where ( ) denotes the vertical position of the ring at the angular location due to concentrated forces at the angular locations . Using the inextensibility assumption = − ′, one obtains:
And at the point of contact:
Making use of Eqs. (17, 18) and Eqs. (26)- (29) in the absence of vibration yields:
where: 
Linearizing the Eq. (19) and Eq. (20) about the static equilibrium yields:
Linearizing the contact boundary conditions ( ) = ( , ) and ′( ) = 0 about the static equilibrium yields:
Eq. (45), (46) 
The mode shapes and frequencies of the system in ground contact can be determined by transforming Eq. (60) to solving the associated eigenvalue problem.
Model parameters of MEW
The geometrical and structural model parameters are obtained directly from the MEW design, as shown in Table 1 . 
Modal analysis and model validation
To validate the accuracy of the analytical model of the MEW, the finite element modal analysis and experimental modal analysis of the wheel are presented, respectively. And some physical parameters of the analytical model are identified by the results of the modal comparative analysis.
Finite element modal analysis
The MEW model is appropriately simplified without considering the influence of tread pattern and the irregular interface shape of hub on the calculation precision. The hinges can be simplified into 12 groups of three bar linkage. The three-dimensional geometric model of MEW is imported into ABAQUS, and the model is divided by C3D10M elements. The elastic bead ring is also modeled by solid elements, the cord ply comprises cord-rubber composite which displays the mechanics anisotropy and non-linearity, and it is modeled using the rebar layer. The generated finite element model is shown in Fig. 3 . In the simulation, the stiffness calculations for the rebar elements use the same integration nodes as the calculation for the underlying rubber shell elements. 
Experimental modal analysis
The test wheel is a mechanical elastic wheel, it is mounted on the Suspended platform and the multifunctional testbed separately. And the test and analysis apparatus are listed in Table 2 . Modal test system for the free suspension MEW, the MEW is under the free suspension state that is shown in Fig. 5(a) . According to the hammering method, the radial vibration excitation test is executed. The wheel response in the radial direction is measured with the acceleration sensor, and at some locations, the response in all three translational directions is found. Set the frequency band of 512 Hz and the frequency resolution of 0.83 Hz, and all data are logged on an LMS Test.Lab system, connects to a computer workstation. Since the natural frequency of the suspension system is very low (less than 1 Hz), and is far below the tire first natural frequency (about 30 Hz), the influence of the suspension system on modal parameters can be ignored. 
Parameters identification and model validation
Through the contrastive analysis, the simulation modal parameters and experimental modal parameters are in good agreement. The error of mode shape is probably due to the damping of the elastic wheel and the influence of the environment. To obtain more accurate physical parameters of the analytical model, the physical parameters of Eq. (10) The finite element simulation, modal test results and analytical solution are in excellent agreement for the first six order natural frequency and mode shape in Fig. 4, Fig. 6 and Fig. 7 . The maximum error between finite element method results and analytical solution is 4.19 %, and the maximum error between modal test results and analytical solution is only 6.49 %. The good agreement among the predictions, simulation and experiments, to a certain extent, validates the analytical model, and it indicates that the REF model of wheel will be used as a theoretical basis to study the mechanical dynamic characteristics.
Influencing factors analysis
Through the vibration modal analysis of the free situations and different working conditions, it can be seen that the influence of changes of the working conditions on the mode shapes of MEW are less. Thus, according to the single variable method, the influence of different working conditions on the vibration characteristics of MEW is studied by the change of natural frequency.
Influence of loading on vibration
The vibration characteristics of MEW under different vertical loads are analyzed by the method of experimental modal and theoretical prediction. Fig. 5(b) gives the loaded state of wheel, and the vertical load during the test is real-timely monitored by means of a static strain sensor. The vibration frequencies of the MEW in ground contact under a certain load ( = 3000 N) are shown in Table 3 . Table 3 . Natural frequencies of the loaded MEW ( = 3000 N): experimental vs. REF model The theoretical prediction value and experimental results are in good agreement for the natural frequencies of the loaded MEW. According to the damping ratios of the experimental = 1 and = 2 modes, and making using of equations = 2 ℎ and = 2 2( + ) ℎ − yields the damping coefficient and .
Effect of vertical load on natural frequencies of the MEW radial vibration under the number of circumferential hinges is 12 sets as shown in Fig. 8 .
The above analysis shows that the influence of changes of the vertical load on the MEW natural frequency is less. However, the modal frequency increases with the increasing of the vertical load. When the vertical load is greater, the corresponding vibration frequency is also greater when compare with the natural frequencies of the free suspension MEW. When the vertical load is larger than 4000 N, the frequency of each mode has a mutation. Because the contact area of the MEW produces a partial 'warp' phenomenon when the load exceeds a certain value. 
Influence of rotating on vibration
The vibration modal of MEW under different rotating speed are analyzed by the finite element simulation and the linearized equations of motion Eq. (60) under a certain load, respectively. The analysis indicates that the finite element method results and analytical solution are in excellent agreement. It can be seen that the influence of rotating on the mode shapes of MEW are less, and Fig. 9 illustrates the influence of rotating on natural frequencies in the condition that the number of hinges remain unchanged.
The analysis results show the radial natural frequency decreases with the increasing of rotational speed in the damped system. The exception is for the first-order form in which the rotational speed has no effect on the first-order frequency. However, the frequencies of modes (2nd)-(6th) all have a noticeable dependence on Ω, and the low speed has little influence on the natural frequency of MEW.
Influence of the hinges changing on vibration
According to the different matching vehicle models, the number of MEW's hinges can be adjusted appropriately to cope with the requirements for ride comfort performance. The MEW style can be divided into 6, 9, 12 and 18 sets of hinges. Hence the influence of the number of hinges on the dynamic characteristics of the MEW is studied. Fig. 10 illustrates the influence of different number of the hinges on natural frequency of radial vibration under the free suspension state. The radial natural frequency of each mode has become increased with number of the hinges. Effect of different number of the hinges on frequencies of radial vibration under a certain load ( = 5100 N) as shown in Fig. 11 . Compare with the free suspension MEW, more number of the hinges, higher the corresponding natural frequency. The natural frequency of higher mode shape is sensitive to the changing number of the hinges. Table 4 shows the damping ratio of the MEW radial modes of free suspension under different number of hinges. The damping ratio decreases with the increasing of the number of hinges, which makes the MEW vibration amplitudes of the corresponding natural frequencies increase, especially for high frequencies. Therefore, the increase in the number of hinges helps reduce the rolling resistance of MEW, and improves the life of MEW. However, for the same vehicle model, the ride comfort performance is reduced.
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Conclusions
1) This paper develops combined numerical analysis and test method to deal with vibration characteristics and its key influencing factors of a new mechanical elastic wheel. The MEW is modeled as a ring on elastic foundations with distributed spring stiffness in the radial and tangential directions. The vibration frequencies and mode shapes of the MEW can be analyzed by using the matrix perturbation theory and the Arnoldi method under free suspension and various loading situations. And the results of the analytical solution are validated through finite element simulation and modal test.
2) The analytical solutions are compared with the finite element simulation and the modal test under the condition of free suspension and various loading situations, it can be seen that the developed theory produces quite accurate results. With such an approach, the influence of different working conditions on vibration frequencies can be analyzed. It is shown that the modal frequency increases with the increasing of vertical loading, the corresponding vibration frequency is also greater when compare with the natural frequencies of the free suspension MEW. And the radial vibration frequency decreases with the increase of rotational speed in the damped system. Compare with the free suspension MEW, more number of the hinges, higher the corresponding natural frequency. Moreover, the damping ratio decreases with the increasing of the number of hinges, which makes the MEW vibration amplitudes of the corresponding natural frequencies increase. The analysis results reflect the objective law of the actual vibration characteristics of the MEW, and provide a reference for the MEW structure optimization and the vibration characteristics of the whole vehicle.
